We prove the conjecture of [2] about relating sums over Littelmann patterns to the the root system of type G 2 , which is an analogue of Tokuyama's theorem [4] for root systems of type A r . We use elementary means to show that the conjecture is implied by a finite set of polynomial identities.
For each r ≥ 1, Tokuyama's theorem [4] relates a sum over Gel'fand-Cetlin patterns to the product of the Weyl character formula for A r and a polynomial we denote by D(x; A r ). For general roots systems R, there is a set of inequalities called Littelmann patterns which generalize the Gel'fand-Cetlin patterns for type A r . In [2] , the authors study a sum over Littelmann patterns for the root system of type G 2 and conjecture that it is equal to the product of Weyl character formula for G 2 and a polynomial D(x; G 2 ) defined below. This formula, expressed in Conjecture 1, is thus an analogue of Tokuyama's theorem for G 2 .
Tokuyama's theorem is an important part in studying Weyl Group Multiple Dirichlet series, which are series defined using root systems. These series are also related to p-adic Whittaker functions. This connection is described in [1] .
We prove Conjecture 1 by expressing both sides as polynomials in four indeterminates whose coefficients are rational functions. We then show that the coefficients are equal.
We define the terms necessary to state Conjecture 1. The set {α 1 , α 2 } is a choice of simple roots for G 2 , with α 2 being the longer root. Let W be the Weyl group for G 2 , Λ W the weight lattice, and C[Λ W ] the associated ring of Laurent polynomials. Let ̟ 1 , ̟ 2 ∈ Λ W be the fundamental weights for G 2 , and ρ be the half-sum of positive roots. For a dominant weight θ ∈ Λ W , the weight θ + ρ = ℓ 1 ̟ 1 + ℓ 2 ̟ 2 , for some positive integers ℓ 1 and ℓ 2 . The variables x and y are the indeterminates of
The set B(θ+ρ) is the set of Littlemann patterns, which are 6-tuples π = (a, b, c, d, e, f ), where a, b, c, d, e, f are non-negative integers that satisfy the following Littelmann inequalities.
It is straightforward to check that inequalities i + 1 through 6 imply that the lower bound of inequality i is less than or equal to the upper bound of inequality i. Following the terminology of [2] , we say that an entry u of π is "circled", denoted by u • , if u attains its lower bound; e.g., f is circled if f = 0, a is circled if a = b, b is circled if b = c 2 , etc. We say that u is "boxed", denoted by u, if u attains its upper bound in its inequality; e.g., f
We note that to defineĤ(π), [2] use a definition depending on whether π is generic or one of twenty special cases. We will express the coefficientĤ(π) aŝ
where the the generic part is encompassed by the "standard" term H std (π) and the special cases by the "adjusted" term H adj (π). This allows us to consolidate the special cases, to simplify their characterization, and also to simplify the values of H adj (π). We also see that the after expressing
as a polynomial, the coefficients have a factored form similar to that of D(x).
Now we define H std (π) and H adj (π). The coefficient H std (π) denotes the "standard contribution" for the 6-tuple π = (a, b, c, d, e, f ) defined by
q , u is boxed 1, u is circled 0, u is both boxed and circled. The "adjusted contribution" H adj (π) is defined in general to be 0 unless π = (a, b, c, d, e, f ) satisfies certain conditions. The first condition is that π has what [2] define to be a "bad middle", which means b = d + 1 and c = 2d + 1. Therefore the Littelmann inequalities for π with bad middles become
Thus such π are determined by the values of e, d, a and f . The definitions for circling and boxing the entries of π still hold.
We define for any π ∈ B(θ + ρ)
whereĤ(π) is defined by [2] according to some twenty cases. Let π ′ = (a, b, c, d, e), and we set
By calculatingĤ(π) and H std (π) in each of these cases, we can determine H adj (π). We see that the values of H adj (π ′ ) become more concise than those forĤ(π ′ ) given in [2] and that the twenty cases are consolidated to the following definition.
, (e or e • , d, a = 2d + 1 − e)
, (e or e • , d, a) such that a = 2d + 1 − e
, (e, d, a)
This means, for example, that if π ′ = (1, 1, 1, 0, 0), then that means π ′ has a bad middle with e, d and a circled (because we assume ℓ 1 , ℓ 2 > 0), so
We see that the definition of H adj (π) depends only on the circling and boxing of e, d and a and whether a = 2d + 1 − e. Now we can prove conjecture (1).
Proof. The strategy of the proof is to express
as a rational function in x, y and q −1 . This rational function depends on the numbers ℓ 1 and ℓ 2 , which only appear as exponents of x and y in the numerator of the rational function. We therefore interpret this rational function as a polynomial, say P H , in the four indeterminates
whose coefficients we prove will be of the form
where p 1 and p 2 are polynomials. Now the right side of (1) is also a polynomial, say P W , in the four indeterminates (3) with coefficients of the form (4). Therefore equality of (1) can be established by equating the coefficients of the two polynomials P H and P W . The polynomial P W has 12 terms, as there are 12 elements in the Weyl group W and the coefficients are of the form sgn(w)T (x)
. We denote the multi-degree of the term
Then the twelve multi-degrees of P W and the coefficients are given in Table 1 . 
T (x) ((4,2),(6,4))
−T (x) .
We show how to express (2) as a polynomial in the indeterminates (3). AsĤ(π) = H std (π) + H adj (π), we compute separately the two sums 
We first compute (5). We sum over the six indices in the order f, a, b, c, d, e. We write (5) as
where the indices are over the Littelmann inequalities. Thus f ranges from 0 to ℓ 2 + a − 2b+ c− 2d+ e, a ranges from b to ℓ 1 + 3b− 2c+ 3d− 2e, b ranges from ⌈c/2⌉ to ℓ 2 + c− 2d+ e, etc. We evaluate these sums in the following way. Let u be an entry of π and L, U the lower and upper bounds in the Littelmann inequality
This equation also holds when U = L, as both sides are 0. Thus (8) is a polynomial in the indeterminates (3) with coefficients of the form (4). The only issue in evaluating these sums is that the lower bound for b is ⌈c/2⌉. To evaluate the sum over b we make use of characteristic functions 1 0 , where
We then have
This equation (10) also holds when U = ⌈c/2⌉. Therefore (10) leads us to evaluate sums of the form
where C 1 and C 2 are odd integers and U ≥ L. We obtain
As the sums over c, d and e all have integral upper and lower bounds in their Littelmann inequalities, equation (11) suffices to evaluate these sums. In this way we can express
as a finite sum of terms of the form
where n i are non-negative integers and A i are integers. Likewise we can express
Because c is always odd in the cases for H adj , we do not need the characteristic functions.
To equate the coefficients with the right side of (1), we have to specify parities for ℓ 1 and ℓ 2 to render (15) a true polynomial without characteristic functions. That is, we set
for a choice of ǫ 1 , ǫ 2 ∈ {0, 1}. Then (15) becomes a polynomial in the indeterminates
with coefficients of the form (4). We calculate that the sum of the standard terms (15) is equal to a sum of 544 terms of the form (16) and that the sum for adjusted terms (17) is a sum of 106 terms of the form (18). We then consider the set of multi-degrees that occurs in these sums. We denote the multi-degree of the term
There are 33 distinct multi-degrees that occur from the standard terms (15), and 14 distrinct multi-degrees that come from the adjusted terms (17). The union of these sets contains 35 distinct multi-degrees. When we combine like terms for the standard terms, there are 18 multi-degrees with non-zero coefficients, and when we combine like terms for the adjusted terms, there are 10 multi-degrees with non-zero coefficients. We present the multi-degrees and coefficients with ǫ 1 = ǫ 2 = 0 for the standard terms in Table 2 and for the adjusted terms in Table 3 . To express these coefficients, we define 
in addition to T (x) defined above. Now, sums of the form (8) do evaluate to polynomials in X L and X U , but sums of the form (10) and (8) in general do not evaluate to such polynomials. For example, there is no polynomial P (Z) such that ⌈c/2⌉≤b≤U h(b)X b = P (X c/2 ). Table 2 : Standard terms with ǫ 1 = ǫ 2 = 02 for all four combinations of ǫ 1 and ǫ 2 and seeing that the coefficients agree. Now we add the coefficients for the standard terms and adjusted terms for each multidegree and see that they add up to sgn(w)T (x) which gives us the right side of (1) and proves the result.
